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Introduction

Experimental and theoretical study of
pp → ppπ 0 has excited considerable interest,
ever since the total cross section measurements [1] were found to be more than 5
times larger than the then existing theoretical
predictions.
Advances in technology led
to experimental studies [2, 3] employing a
polarized beam on a polarized target. The
Julich meson exchange model [4] was found
to be more successful with the less complete
data [3] on p~p~ → dπ + and p~p~ → pnπ + , but
it failed to provide an overall satisfactory
reproduction of the polarization observables
[2] in the case of p~p~ → ppπ 0 .
When the Julich meson exchange model
was confronted [5] with a model independent
analysis [6] of the data [2], it led to an
identification of partial waves where the
model is deficient. Moreover, it revealed that
∆ contributions are important. Because the
final spin singlet and triplet states do not mix
in any of these measured [2] spin observables,
both the Ss and P s partial wave amplitudes
were assumed in [5] to be real. It was shown
[7] how this drawback could be removed, if
final state spin observables are measured.
A model independent approach to discuss
∆ contributions was formulated more recently
[8], where the irreducible tensor amplitudes
were expressed in terms of nine partial wave
amplitudes. These amplitudes are not of the

same partial wave amplitudes employed in
[2, 7].
The purpose of the present paper is to show
how the reaction amplitudes used in [2, 7] and
those defined in [8] may be related to each
other.

Theory

When ∆ with mass M∆ is produced, the cm
energy E for the reaction gets divided into the
cm energies
E∆ =

1
2
(E 2 − M 2 + M∆
)
2E

(1)

EN =

1
2
(E 2 + M 2 − M∆
)
2E

(2)

of the ∆ and a proton in the final state.
The masses of the proton and the meson
are denoted by M and m respectively. Let
p1 , p2 , q denote the cm momenta of the
two nucleons and the pion in the final state
and E1 , E2 , ω denote their respective cm
energies. To discuss ∆ contributions, one
may choose events where (say) E2 = EN , so
that p1 + q = p∆ .
The reaction amplitudes employed in [2, 7]
and those defined in [8] start from the same
initial state |(li si )jm >, but the description of
the final state is based on two different ways of
defining the Jacobi coordinates. If r, r1 , r2 denote the instantaneous locations of the meson
and the two nucleons, the Jacobi co-ordinates
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R1 =

1
(mr + M r1 )
M +m

(3)
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r0 1 = r − r1 ;

r0 2 = r2 − R1

(4)

are used in [8], so that the momentum q0 of
the P wave pion in ∆ is given by
M m dr0 1
M
m
=
q−
p1
M + m dt
M +m
M +m
(5)
while, the relative momentum between the nucleon and the ∆ is given by

where, we may express Y1m (q̂0 ) as
Y1m (q̂0 ) =

q0 =

(M + m)M dr0 2
= p2 .
2M + m dt

(6)

The total orbital angular momentum and total
spin in the scheme of [8] are given by
L = r0 1 × q0 + r0 2 × p2 ; S = S∆ + S2

(7)

The spin s∆ = 32 and s2 = 12 combine together
to give s = 1, 2. The partial wave amplitude employed in [8] may explicitly be written
as Mlj2 ((l1 s1 )s∆ s2 )s;li si if l1 , l2 are the quantum
numbers associated with the first and second
terms of L in Eq.(7). The angular dependance
of the irreducible tensor amplitudes in [8] may
therefore be reduced to the form

λ
(Yl1 =1 (q̂0 ) ⊗ Yl2 (p̂2 ))Lf ⊗ Yli (p̂i )
(8)
µ
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1
(M + m)|q0 |
× [M |q|Y1m (q̂) − m|p1 |Y1m (p̂1 )]
(9)

using Eq.(5).
On the other hand, the angular dependance
[7] associated with the irreducible tensor amplitudes is of the form
λ
(Ylf (p̂f ) ⊗ Yl (q̂))Lf ⊗ Yli (p̂i ) µ

(10)

where pf = 21 (p1 − p2 ).
In the list of partial waves given in table 1 of
[7] lf is limited to 0, 1 and we may express
1
[|p1 | Y1m (p̂1 ) − |p2 | Y1m (p̂2 )]
2 |pf |
(11)
Thus the irreducible tensor amplitudes in [7]
as well as in [8] are expressible in terms of
spherical harmonics with arguments p̂1 , p̂2
and q̂ and thus brought into the form where
it is possible to relate the two sets of partial
wave amplitudes with each other. Details will
be presented.
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