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Time series analysis is a powerful method
that can characterize data of any kind of se-
quential measurements. Recently the duality
between time series and visibility graph (net-
work) analysis has been established. Time se-
ries analysis in terms of visibility graph (VG)
has emerged as a focal issue in nonlinear sci-
ence and mathematics [1]. An ordinary VG is
generated from a time series following the cri-
terion: two arbitrary data points (ta, ya) and
(tb, yb) in the time series have visibility and
hence they constitute two nodes in the asso-
ciated graph, if any other point (tc, yc) in be-
tween the previous two fulfills the condition

yc < ya + (yb − ya)
tc − ta
tb − ta

. (1)

On the other hand, a horizontal visibility
graph (HVG) is mapped from the following
visibility condition

ya, yb > yc for all ta < tc < tb. (2)

The degree (k) of a node is defined as the num-
ber of edges (connections) that it has with
other nodes. Obviously for a given time se-
ries the HVG is a subgraph of its associated
VG. Here we report some results on the HVG
analysis of the pseudorapidity (η) distribution
of shower tracks coming out of 16O+Ag/Br
collisions at Elab = 200A GeV. High multi-
plicity 16O+Ag/Br events are chosen for by
using a multiplicity cut ns > 100. An event
sample similar to the experimental one but
five times larger in statistics is simulated by
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FIG. 1: (a) η distribution and (b) the modified
distribution of one 16O+Ag(Br) event.
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FIG. 2: Degree distribution of HVG for the mod-
ified distributions.

using the UrQMD code [3]. The experimen-
tal details are given in [2], while the simu-
lation technique is outlined in [4]. The η-
distribution of one experimental event with
ns = 240 is shown in FIG. 1(a), which ex-
hibits rapid fluctuations around an Gaussian
trend. Here dns is the number of shower tracks
falling within a particular η-interval (dη = 0.1
here). To ensure that the overall shape of
the distribution does not adversely affect the
visibility between two nodes, the fluctuations
are detrended by considering successive differ-
ences, yi = dns(ηi+1) − dns(ηi). The yi val-
ues is then mapped to the positive plane and
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FIG. 3: Box size dependence of Xr(q) where
Xq(r) = ln

〈
[M(r)]q−1

〉
for q 6= 1 and Xq=1(r) =

ln 〈[M(r)]〉.

such a plot of yi corresponding to the event of
FIG. 1(a) is shown in FIG. 1(b), which is now
approximately uniform where relative fluctua-
tions are retained. On an event by event basis
η-distributions so modified are now converted
into corresponding HVG and an overall degree
distribution P (k) for the entire event sample
is obtained, which is plotted in FIG. 2. It
seems that both experimental and simulated
data sets yield almost identical P (k). The
tail region of the degree distribution is fitted
to a power-law: P (k) ∼ k−λp . The tail ex-
ponent λp (= 7.28 here), commonly known as
the Power of Scale-freeness in Visibility Graph
(PSVG), far exceeds the limit for a correlated
(long range) time series. In the sandbox (SB)
algorithm [5] the generalized fractal dimen-
sions of a network are measured as,

Dq 6=1 = lim
r→0

ln
〈
[M(r)]q−1

〉
ln r

(
1

q − 1

)
, q ∈ R,

D1 = lim
r→0

ln 〈[M(r)]〉
ln r

, (3)

where M(r) is the number of points in a
sandbox of radius r, and the brackets 〈·〉
stand for a statistical average of several sand-
boxes of same size, but chosen at random
over the network. The mass exponents τ(q)
and the singularity spectrum f(αq) are cal-
culated as τ(q) = (q − 1)Dq and f(α) =
qαq − τ(q), where α = ∂τ(q)/∂q is the
mass exponent. We apply the SB algorithm

-10 -5 0 5 10
-16

-12

-8

-4

0

0.4 0.8 1.2 1.6
0.0

0.2

0.4

0.6

0.8

1.0

0.0

0.4

0.8

1.2

1.6

 (q
)

q

 Experiment
 UrQMD

 

 

f(
)

 

 

D
q

 Experiment
 UrQMD

FIG. 4: Plots of the generalized fractal dimen-
sions Dq, the mass exponents τ(q) and the spec-
tral functions f(αq).

to compute
〈
[M(r)]q−1

〉
q 6=1

and 〈[M(r)]〉q=1

to characterize the observed fluctuations in
terms of (multi)fractality. The event averaged〈
[M(r)]q−1

〉
q 6=1

and 〈[M(r)]〉q=1 values plot-

ted against box size r are shown in FIG. 3. We
perform linear regressions to estimate Dq in
the region 7 ≤ r ≤ 15. The order dependences
of Dq and τ(q) are shown in FIG. 4(left),
whereas the spectral functions are plotted in
FIG. 4(right). All parameters indicate that
multifractality is present both in the exper-
iment and in the UrQMD simulated distri-
butions. The degree of multifractality how-
ever, seems to be significantly larger in the
experiment than in the simulation. Unlike the
detrended and other popular methods [4, 6],
where hardly any difference has been seen in
the (multi)fractal nature of the experiment
and UrQMD simulation, the graph theoreti-
cal approach adopted here seems to be a more
effective tool to distinguish between the two.
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